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1 Introduction 

In this paper, we establish a dispersive long time decay for the solutions to 3D Klein-Gordon 
equation 

4>(x,t) = Aip(x,t) - m 2 ip(x,t) + V(x)ip(x,t), x G R 3 , m>0 (1.1) 
in weighted energy norms. In vectorial form, equation (11 .ip reads 

iif(t) = n^(t) (i.2) 

where 

*<«> =($!)■ «=( j( A-°. + v) o) 

For s,(7 el, let us denote by = #*(M 3 ) the weighted Sobolev spaces introduced by Agmon, 
[TJ, with the finite norms 

iHk = ii(*nv»ii L2 < oo, (x) = (i + my/ 2 

We assume that V(x) is a real function, and 

\V(x)\ + \W(x)\ < C(x)-P, xGR 3 (1.4) 

for some j5 > 3. Then the multiplication by V(:c) is bounded operator H] —¥ H] + o for any 
s G R. 

We restrict ourselves to the "regular case" in the terminology of [12] (or "nonsingular case" in 
|23j) which holds for generic potentials. Equivalently, the truncated resolvent of the Schrodinger 
operator H = —A + V(x) is bounded at the end point A = of the continuous spectrum by 
[23, Theorem 7.2]. In other words, the point A = is neither eigenvalue nor resonance for the 
operator H. 

Definition 1.1. T a is the complex Hilbert space H\ © H® of vector-functions = (if),ir) with 
the norm 

ll*lk = IHk + INIflg<oo (1.5) 

Our main result is the following long time decay of the solutions to fjl.2j) : in the "regular 

case" , 

\\V^(t)\\^ a = 0(\t\- 3 / 2 ), t^±oo (1.6) 

for initial data \l/o = ^(0) G T a with a > 5/2 where V c is a Riesz projector onto the continuous 
spectrum of the operator %. The decay is desirable for the study of asymptotic stability and 
scattering for the solutions to nonlinear hyperbolic equations. The study has been started in 
90' for nonlinear Schrodinger equation, [2H ESI ESI ED], and continued last decade [01 0, EES]- 
The study has been extended to the Klein-Gordon equation in [TU1 13"T|. Further extension need 
more information on the decay for the corresponding linearized equations that stipulated our 
investigation. 

Let us comment on previous results in this direction. Local energy decay has been es- 
tablished first in the scattering theory for linear Schrodinger equation developed since 50' by 
Birman, Kato, Simon, and others. 
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For free 3D Klein-Gordon equation, the decay ~ t~ 3 ^ 2 in L°° norm has been proved first by 
Morawetz and Strauss [22| Appendix B]. For wave and Klein-Gordon equations with magnetic 
potential, the decay ~ t~ 3 / 2 has been established primarily by Vainberg [32] in local energy 
norms for initial data with compact support. The results were extended to general hyperbolic 
partial differential equations by Vainberg in [33]. The decay in the L p norms for wave and 
Klein-Gordon equations has been obtained in [3J HJ El [H)J [2TJ USB EE] . 

However, applications to asymptotic stability of solutions to the nonlinear equations also 
require an exact characterization of the decay for the corresponding linearized equations in 
weighted norms (see e.g. [3 I3~T]). 

The decay of type (11.61) in weighted norms has been established first by Jensen and Kato JT3] 
for the Schrodinger equation in the dimension n = 3. The result has been extended to all other 
dimensions by Jensen and Nenciu [TH [121 EH], and to more general PDEs of the Schrodinger 
type by Murata [23]. The survey of the results can be found in [28J. 

For free wave equations corresponding to m = 0, some estimates in weighted L p - norms have 
been established in [2]. The Strichartz weighted estimates for the perturbed Klein-Gordon 
equations were established in p2|. 

For the free 3D Klein-Gordon equation, the decay (11. 6p in the weighted energy norms has 
been proved first in [101 Lemma 18.2]. However, for the perturbed relativistic equations the 
decay was not proved until now. The problem was that the Jensen-Kato approach is not 
applicable directly to the relativistic equations. The difference reflects distinct character of 
wave propagation in the relativistic and nonrelativistic equations (see below). 

Let us comment on the disctinction and our techniques. The Jensen-Kato approach 
relies on the spectral Fourier-Laplace representation 



oc 



P c m(t) = — I e- iut \R(u + iO) - R(u - iO)] ^ du, t e R (1.7) 
2m J l J 

o 

where R(u) is the resolvent of the Schrodinger operator H = —A + V, and P c is the corre- 
sponding projector onto the continuous spectrum of H. Integration by parts implies the time 
decay of type (1 1. 6 p since the resolvent R(u) is sufficiently smooth and its derivatives d^R(co) 
have a good decay at \u\ — > oo for large k in the weighted norms. On the other hand, in the 
case of the Klein-Gordon, the derivatives do not decay though the smoothness of the resolvent 
also follows from the results [T5] . 

Let us illustrate this difference in the case of the corresponding free 3D equations: 
i) the resolvent of the free Schrodinger equation is the integral operator with the kernel 

e i^uj\x-y\ 

R s (uj,x- y) 



Att\x — y\ 



ii) the resolvent of the free Klein-Gordon equation is the integral operator with the matrix 
kernel 



Q Q \ e iVu> 2 -m 2 \x-y\ 

R KG (u,x - y) = ( , s + 



U! % 
,2 



-%5{x-y) J An\x-y\ \ —iu uj 

and the region of integration in the corresponding formula (11.71) is changed to \u>\ > m. Leading 
singularities of the both resolvents are almost identical: y/uj at u = for R s , and a/cj =f m at 
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u = ±m for Rkg- Hence, the contribution of law frequencies into the integral (I1.7P decays like 
t~ 3 / 2 both for the Schrodinger and Klein-Gordon case. 

Now let us discuss the contribution of high frequencies into the integral (11. 7p . For the 
Schrodinger case, the contribution decays like ~ t~ N with any N > 0. This follows by partial 
integration since the derivatives 8^Rs(uj,x — y) decay like | u; | ™ fc / 2 as u — > oo. 

On the other hand, the kernel _Rkg( w ; x ~ u) does not decay for large and differentiation 
in oj does not improve the decay (cf. the bounds ( I2.25P and ( 13. 8p ). Hence, for the Klein-Gordon 
equation the integration by parts does not provide the long time decay. 

This difference is not only technical. It reflects the fact that the multiplication by t N , with 
large N, improves the smoothness of the solutions to the Schrodinger equation in contrast to 
the Klein-Gordon equation. This corresponds to distinct character of the wave propagation in 
the relativistic and nonrelativistic equations: 

i) for a solution ip(x,t) to the Schrodinger equation, main singularity is concentrated at t = 
and disappears at infinity for t ^ due to infinite speed of propagation. 

ii) for a solution ip(x,t) to the Klein-Gordon equation, the singularities move with bounded 
speed, thus they are present forever in the space. 

Thus, the proof of the decay for the high energy component of the solution requires novel 
robust ideas. This problem is resolved at present paper with a modification of the Jensen and 
Kato technique. Our modification relies on a version of the Huygens principle, the Born series 
and the convolution. Namely, the resolvent lZ(u) of the operator 7i admits the finite Born 
expansion 

K(u) = Ko(w) - U Q {uj)Vn (uj) + K (uj)VK Q (uj)Vn(uj) (1.9) 
where 1Zq(u) stands for the free resolvent with the integral kernel (jl.Bp corresponding to V = 0, 
a„dV=(\° °Y Taking the inverse Fourier-Laplace transform, we obtain the corresponding 



x V , 

expansion for the dynamical group U(t) of the Klein-Gordon equation (II. 2p . 

u(t) = u (t) + i [ Uo(t - s)vu { s )ds - iF'Xt \n {u)vn {u)vn{uj)\ (1.10) 

Jo L - 1 

where Uo(t) stands for the free dynamical group corresponding to V — 0. The expansion cor- 
responds to iterative procedure in solving the perturbed Klein-Gordon equation ( II. 2p . Further 
we consider separately each term in the right hand side of ( ll.lOp : 

I. As we noted above, for the first term Uo(t) we cannot deduce the time decay (II. 6p from 
the spectral representation of type (11. 7p . On the other hand, the decay has been established in 
[TOf Lemma 18.2] using an analog of the strong Huygens principle extending Vainberg's trick 
j53] from the wave to the Klein-Gordon equation. 

II. For the second term we also cannot deduce the time decay from the spectral representa- 
tion. However, the decay follows by standard estimates for the convolution using the decay of 
the first term and the condition (jl.4p on the potential. 

III. Finally, the time decay for the last term follows from the spectral representation by the 
Jensen-Kato technique since || V7?.o(w)V|| ~ M~ 2 as \u\ — > oo that follows from the (expected) 
lucky structure of the matrix VTZ (u)V (see (I3.13P ). 

Our paper is organized as follows. In Section [2] we obtain the time decay for the solution 
to the free Klein-Gordon equation and state the spectral properties of the free resolvent which 
follow from the corresponding known properties of the free Schrodinger resolvent. In Section [3] 
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we obtain spectral properties of the perturbed resolvent and prove the decay (jl.6p . In Section 
4 we apply the obtained decay to the asymptotic completeness. 

In Appendix A we prove a revised version of Agmon-Jensen-Kato high energy decay for 
the free Schrodinger resolvent which we use in Section 2. Finally, in Appendix B we give a 
streamlined proof of the Jensen-Kato lemma on the decay of the Fourier integrals which we 
need in Section 3. 

The asymptotic decay (jl.6p is proved in [17] for ID Klein-Gordon equation. For the 3D 
wave equation corresponding to m = 0, the weighted energy decay of type (I1.6P was established 
in [18]. 



2 Free Klein-Gordon equation 

2.1 Time decay 

First, we prove the time decay f ll.6p for the free Klein-Gordon equation: 

rj>(x,t) = Aif)(x,t) -m 2 ip(x,t), iGl 3 , teR (2.1) 
In vectorial form equation ( 12.1 p reads 

W(t) = Ho*{t) (2.2) 

where 

Denote by Uo(t) the dynamical group of the equation (12. 2p . It is strongly continuous group 
in the Hilbert space J-q. The group is unitary after a suitable modification of the norm that 
follows from the energy conservation. 

Proposition 2.1. (cf.fWj. Lemma 18.2) Let a > 3/2. Then for ^ G T a 

\U*WAt-. < fTf^ > teR ( 2 - 4 ) 

Proof. Step i) It suffices to consider t > 0. In this case the matrix kernel of the dynamical 
group Uo(t) can be written as Uq(x — y, t) where 

Z4(M)=(£H 3^1 V ^M 3 (2.5) 



U(z,t) U(z,t) 



and 



, , S(t-\z\) m G(t-\z\)MmJt* - z 2 ) . 

U(z, t) = ^ ^ i 1 |; . U v — L_L2 t > 2.6 

where Ji is the Bessel function of order 1, and 9 is the Heavyside function. Let us fix an 
arbitrary e G (0, 1). Well known asymptotics of the Bessel function imply that 

\&?U (z,t)\ < C{e)(l + t)- 3/2 , \z\ <et, t > 1 (2.7) 
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for | a | < 1. 

Step ii) Now we consider an arbitrary t > 1. Let us split the initial function in two terms, 
= %. t + *o,t such that 

ll*o,*lk + ll*S, t lk<C||*olk, t>l (2.8) 

and 

^o t (x) = for \x\ > —, and ^o,ti x ) = fo r N < -j (2.9) 

The estimate ( 12. 4p for Wo(t)^ot follows by energy conservation for the Klein-Gordon equation, 
( EHD and ( 12T8D : 

IWK, t |k CT < ||Wo(t)*o, t |k < C||^,*lk 

S (1 + *)- " (l+t)3/2 ' ^- AU J 

since a > 3/2. 

Sfep Next we consider U (t)ty' ot . Now we split the operator Uo(t) in two terms: 

U (t) = (1 - QU (t) + (U (t), t>\ 

where ( is the operator of multiplication by the function ((\x\/t) such that ( = £(s) G Co°(R), 
C(s) = 1 for \s\ < e/4, £(s) = for |s| > e/2. Obviously, for any a we have 

|fl£C(M/*)l <c<oo, t>i 

Furthermore, 1 — £(\x\/t) = for \x\ < et/4, hence 

ll(i - CW*)*o,*ll^ < (TTty ( } 

Applying here the energy conservation for the group Uo(t), we obtain by (12. 8p that 

ii(i-0K,w«i,ii, < ^gy^ < g^gy^ < t >i (2.i2) 

since a > 3/2. 

Step iv) It remains to estimate (U (t)^' Q t . Let Xet/2 be the characteristic function of the ball 
|x| < et/2. We will use the same notation for the operator of multiplication by this characteristic 
function. By (12. 9p . we have 

(Uo(t)% >t = CUo(t) X et/2%, t (2.13) 
The matrix kernel of the operator (l4o{t)Xet/2 is equal to 

Uo(x-y,t) = ((\x\/t)U (x - y,t)xet/2(y) 

Since £(|a;|/i) = for \x\ > et/2 and Xet/2(y) = for \y\ > et/2, the estimate (12 ,7p implies that 

\d%4{x-y,t)\ <C(l + t)~ 3/2 , \a\<l, t>l (2.14) 
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The norm of the operator (Uo(t)x £ t/2 '■ 7~a — > 3~-g is equivalent to the norm of the operator 

(x)-"CU Q {t)xet/2{y){y)- (T ■Fv^Fv 

The norm of the latter operator does not exceed the sum in a, |a| < 1, of the norms of operators 
d a x [(x)-\U,{t) X£t/2 {y){yr a \ ■■ L 2 {^) ® L 2 (R 3 ) L 2 (R 3 ) © L 2 (R 3 ) (2.15) 

The estimates f !2.14j) imply that operators (12.151) are Hilbert-Schmidt operators since a > 3/2, 
and their Hilbert-Schmidt norms do not exceed C(l + t)~ 3/2 . Hence, fl2~T3|) and imply 
that 

\\CUa(t)%,t\\r-„ <C{l + t)-^\\% it \\ Ta <C(l + t)- 3 / 2 ||vI/ ||^, t>\ (2.16) 
Finally, the estimates f l2~T5|) . (IZTTjl and f l2~TD|) imply (IZlj) . □ 

2.2 Spectral properties 

We state spectral properties of the free Klein-Gordon dynamical group U (t) applying known 
results of [U [13] which concern the corresponding spectral properties of the free Schrodinger 
dynamical group. For t > and = ^(0) G J^o, the solution \I/(t) to the free Klein-Gordon 
equation (12. 2p admits the spectral Fourier-Laplace representation 

0(i)tf (i) = — [ e- i{u)+i£)t n {u + ie)^ dw, teR (2.17) 
2ni J 

R 

with any e > where is the Heavyside function, 72q(u) = (Ho — UJ )^ 1 f°r w £ C + := 
{uGC: Im u; > 0} is the resolvent of the operator "Ho- The representation follows from the 
stationary equation oj^/ + (u>) = Ho^ + (u>) + i^o for the Fourier-Laplace transform \E ,+ (w) : = 

/ 9(t)e lujt ^/(t)dt, to G C + . The solution \l/(t) is continuous bounded function of t G R with 
Jr 

the values in J-"o by the energy conservation for the free Klein-Gordon equation (I2.2p . Hence, 
ty + (uj) = —iTZ(u)^/o is analytic function of oj G C + with the values in To, and bounded for 
oo G R + ie. Therefore, the integral (I2.17P converges in the sense of distributions of t G R with 
the values in Fq. Similarly to (I2.17p . 

9(-m(t) = — — [ e-^- l£)t n (u - ie)y dco, teR (2.18) 
2tu J 

R 

The resolvent Hq(oj) can be expressed in terms of the resolvent Ro(() = (—A — £) _1 of the free 
Schrodinger operator 

/ uRo(u 2 -m 2 ) iR (u 2 -m 2 )\ 

Ko[U) - y + ^2^2 _ m 2)) uRo ^2 _ m 2) J 

The free Schrodinger resolvent -Ro(C) is an integral operator with the integral kernel 

Ro((,x-y) =exp(iC 1/2 \x-y\)/4:n\x-y\, (eC + , ImC 1/2 > (2.20) 



Weighted energy decay for 3D Klein-Gordon equation 



7 



Definition 2.2. Denote by C{B\,B2) the Banach space of bounded linear operators from a 
Banach space Bi to a Banach space B 2 . 

The explicit formula (I2.20p implies the properties of -Ro(C) which are obtained in [T3~| Lem- 
mas 2.1 and 2.2]: 

i) -Ro(C) is analytic function of ( G C \ [0, oo) with the values in £(Hq , H$); 

ii) For C > 0, the convergence holds i? (C ± «e) -> Ro(C ± «0) as e -> 0+ in C(H~ l , H\ a ) with 
a > 1/2; 

iii) The asymptotics hold for ( 6 C \ [0, oo), 

Po(C)IL(H-^ CT ) = 0(1), C^O, a>\ (2.21) 

\\R^\0\\c(h-\hIJ = ^(C 1/2 - fc ), C^O, a>l/2 + k, k = l,2,... (2.22) 



Let us denote T := (— oo, — m) U (m, oo) Then the properties i) - iv) and (I2.19P imply the 
following lemma. 

Lemma 2.3. i) The resolvent TZq{u) is analytic function of u G C \ T with the values in 

ii) For w 6 T, the convergence holds TZq{uj ± is) —> 1Zq{u ± iO) as e — > 0+ in CiTa^T-a) with 
a > 1/2; 

iii) The asymptotics of type ( 12.21)) . ( 12.22)) /ioW /or wGC\r, 

||ftoMlk^_ a) = 0(1), w±m^0, o>l (2.23) 
\\n { Q k \u)\\ c{Ta ^_ a) = 0{\u±m\ 1 ' 2 ~ k ), w±m->0, o>l/2 + fc, k = 1, 2,. ..(2.24) 

Finally, we state the asymptotics of 7£q(u;) for large a; which follow from the corresponding 
asymptotics of Rq, given in Proposition IA.1I 

Lemma 2.4. T/ie bounds hold 

II^S fc) H|U( V _ ff ) = 0(l), H-).oo, wGC\r (2.25) 

TOt/i cr > 1/2 + A; /or = 0, 1,2, .... 

Proof. The bounds follow from representation (I2.19P for 7^ (w) and asymptotics (1A.1I) for Ro(() 
with C = oo 2 — m 2 . □ 

Corollary 2.5. For { 6 1 and G a > 1, the group Uo(t) admits the integral 

representation 

U (t)V = — [ e~ iut \tZq(u + iO) -Ko(u)- iQ)] ^ (2.26) 
2m J L J 

r 

where the integral converges in the sense of distributions oft G M ratt t/ie values in T- a . 

Proof. Summing up the representations (12.171) and (I2.18p . and sending e — > 0+, we obtain 
(I2.26P by the Cauchy theorem and Lemmas 12.31 and 12.41 □ 

Remark 2.6. The estimates ( 12.25)) do not allow obtain the decay ( 12 .4)) fry partial integration in 
( 12.26)) . 27ms is io% we deduce the decay in Section 2.1 from explicit formulas ( 12.5)) and ( 12.6)) . 
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3 Perturbed Klein-Gordon equation 

To prove the long time decay for the perturbed Klein-Gordon equation, we first establish the 
spectral properties of the generator. 



3.1 Spectral properties 

According p. 589] and [23], formula (3.1)], let us introduce a generalized eigenspace M for 
the perturbed Schrodinger operator H = —A + V: 

M = G fll 1/2 _ : (1 + A V)4j = 0} 

where Aq is the operator with the integral kernel 1/ Att\x — y\. Below we assume that 

M = (3.1) 

In [TBI p. 591] the point A = is called then "regular point" for the Schrodinger operator H 
(it corresponds to the "nonsingular case" in [231 Section 7]). The condition holds for generic 
potentials V satisfying (jl.4p (see [131 p. 589]). 

Denote by R(C) = (H — C) \ C £ C \ R, the resolvent of the Schrodinger operator H. 

Remark 3.1. i) By [231 Theorem 7.2], the condition ( 13. ip is equivalent to the boundedness of 
the resolvent R(C) at £ = in the norm of C(H~ l , H\ a ) with a suitable a > 0. 

ii) By Lemma 3.2 in [13], the condition (13. ip is equivalent to absence of nonzero solutions 
ip G H^_ a , with a < 3/2, to the equation Hip = 0. 

iii) N(H) C M where N(H) is the zero eigenspace of the operator H. The imbedding is obtained 
in [T3], Theorem 3.6]. The functions from ~M.\N(H) are called zero resonance functions. Hence, 
the condition (13. ip means that A = is neither eigenvalue nor resonance for the operator H. 

Let us collect the properties of R(C) obtained in [U [131 [23] under conditions (11.41) and (13. ip : 



Rl. R(C) is meromorphic function of C G C \ [0, oo) with the values in £(i7 ( ^" 1 , Hq); the poles 
of R(C) are located at a finite set of eigenvalues Q < 0, j = 1, N, of the operator H with the 
corresponding eigenfunctions ^j(x), ...^ip^{x) G H% with any s G R, where Kj is the multiplicity 
of Cr 

R2. For C > 0, the convergence holds R(( ± ie) -> R(( ± iO) as e -»■ 0+ in ^(if,; 1 , FiJ with 
a > 1/2. 

R3. The asymptotics hold for ( G C \ [0, oo), 

\\R(0\\c(h;\hI„) = 0(1), C^0, a>l (3.2) 

\\R {k \C)\\c { H,\H^) = 0{\C\ l/2 ~% C^0, a>l/2 + k, k = l,2 (3.3) 

Remark 3.2. The asymptotics (J33D is deduced in [131 Remark 6.7] from (I2T2TD . (12722]) . (I3T2D 
and the identities 

# = (1 - RV)R' (1 - VR), R" = \(1 - RV)R'o - 2R'VR' ] (1 - VR) 
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Further, the resolvent TZ(u) = (H — u) 1 can be expressed similarly to (12. 19^ : 

/ uR(u 2 -m 2 ) iR(u: 2 -m 2 )\ 
~ \ -i(l + u 2 R(uj 2 -m 2 )) uR(oo 2 - m 2 ) J [6A) 

Hence, the properties Rl - R3 imply the corresponding properties of TZ(cu): 

Lemma 3.3. Let the potential V satisfy conditions / II .4)) and li'd.l]) . Then 

i) TZ{u) is meromorphic function of u G C \ T with the values in C^Tq^JFq); 

ii) The poles ofTZ(u) are located at a finite set 



S = {uf = ±y^ 2 + Q, j = 1, N} 
of eigenvalues of the operator H with the corresponding eigenf unctions 

1, Kjj 

Hi) For u e T, the convergence holds TZ(u ± is) —> lZ{u ± iO) as e — > 0+ in C^Ta^T-a) with 
a > 1/2; 

iv) The asymptotics of type ( [2.23)) . ( [2.24)) hold for u G C \ Y , 

\\n{u)\\ c{ ^_ a) = 0(1), u±m^0, a>l (3.5) 

\\n {k \u)\\c { ^,T_ a ) = 0(\u±m\ 1 / 2 - k ), u±m^0, o > 1/2 + k, k = 1, 2 (3.6) 

Now we obtain the asymptotics of R{() and lZ(u) for large ( and u. 

Lemma 3.4. Let the potential V satisfy ( tl.4j) . Then for s — 0, 1 and I = —1, 0, 1 with s + / G 
{0; 1}, we have 

\\rt k \0\\ c{H s iH s+j ) =O(\(\- 1 ^), C^oo, CGC\[0,oo) (3.7) 
with a > 1/2 + k fork = 0, 1, 2. 

Proof. The lemma follows from Proposition lA.ll in appendix A by the arguments from the proof 
of Theorem 9.2 in [13], where the bounds are proved for s = and I = 0,1. □ 

Hence (I3.4p implies 

Corollary 3.5. Let the potential V satisfy lilA\) . Then the following bounds hold 

\\n^(u)\\ c( ^_ a) = o(i), m^oc, wG c\r (3.8) 

with o > 1/2 + k for k = 0,1,2. 

Finally, let us denote by V the matrix 

V=(.l° n ) (3.9) 



Then the vectorial equation (\1.2\i reads 

M(t) = (Ho + V)V(t) (3.10) 
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where %q is defined in (12. 3p . The resolvents TZ(uj), 71q{l)) are related by the Born perturbation 
series 

K(u) = Ko{u) - Ko(lu)VKo(lu) + K (tu)VJl (uj)VJl(tu) , u e C \ [r U S] (3.11) 

which follows by iteration of 1Z(cu) = lZo(cu) — 1Zo(cu)V1Z(cj) . An important role in ( 13. lip plays 
the product W(u>) := V1Zq{uj)V. We obtain the asymptotics of W(o;) for large ui. 

Lemma 3.6. Let the potential V satisfy ( 11.4)) with > 1/2 + A; + 5 where 5 > and k = 0, 1,2. 
Then the following asymptotics hold 

\\W ik) (u)\\ ci F_ s s s ) = 0(\uj\- 2 ), M^oc, ueC\T 

Proof. The asymptotics follow from the algebraic structure of the matrix 

w<"(«) = VR?»Hv=(_ fl ,^_ m , )v . I 

since (1A.1I) with s = 1 and / = — 1 implies that 

\\vR { k \ovf\\ H o < c\\Ei k \ovf\\ H o_ = o(\(\- l -i)\\vf\\ H i_ s = oner 1 

since 1/2 + k < (3 - 6. □ 



(3.12) 



(3.13) 



H 1 



3.2 Time decay 

In this section we combine the spectral properties of the perturbed resolvent and time decay 
for the unperturbed dynamics using the (finite) Born perturbation series. Our main result is 
the following. 



Theorem 3.7. Let conditions ( fl.4j) and ( 13.1)) hold. Then 



-itH 



J2 e ~ tUJjtp ^M = 0(\tr 3/2 ), t^±oo (3.14) 

with a > 5/2, where Pj are the Riesz projectors onto the corresponding eigenspaces. 

Proof. Step i) Let us substitute the series (13.111) into the spectral representation of type (12.171) 
for the solution to (11.11) with \]/ (0) = ^/q E J^ a where a > 3/2. Then Lemma I3TB1 and asymptotics 
(1331) and (GLED with k = imply similarly to ( 12T261) . that 



1 

2?ri 



2tu 



iujt 



Tl(u) + iO) - - iO) 



(3.15) 



—iut 



TZ (uj + iO) -Ko{co-iO) 



2m 



+ 2m 1 ' 
r 



-iuit 



-iuit 



Tl (uj + i0)VTl (uj + i0) - TZ (uj - i0)Vn (co - iO) 



[n vn vn](uj + io) - [^ O v^ v^](o; - io) 
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where Pj stands for the corresponding Riesz projector 



1 

2m 



\oj— U)j\=S 



with a small 5 > 0. Further we analyze each term separately. 

Step ii) The first term ^i(t) = Wo(t) l I / o by (12.26j) . Hence, Proposition 12. II implies that 



< , " 1^1 , tel, a>3/2. 



(l + |t|)3/2 

Step Hi) The second term ^^if) can be rewritten as a convolution 
Lemma 3.8. T7ie convolution representation holds 

t 

* 2 (*) = 2 y W (t - r)V*i(r) dr, * G 



(3.16) 



(3.17) 



where the integral converges in J-_ a with a > 3/2. 
Proof. The term can be rewritten as 



2tu 



e- tuJt n (uj + iO)Vn (uj + iO) - e-^TZoiu - iO)VTZ (uj - i0) ^ (3.18 



Let us denote 



W ± (t) := 6(±t)U (t), *f(t) := 0(±t)*i(t), 



We know that TZq(lo + i0)\l/o — ^1 (w), hence the first term in the right hand side of (13. 18ft 
reads 

2n I 



2tt 



2tt 



e-'^ (w + iO)V / e lU)T ^{r)dr 



du 



[id* + i) 



-iuit 



(u + if 



-r1lo(uj + tO)V / e lWT ^t(r)dT 



du 



(3.19) 



The last double integral converges in T- a with a > 3/2 by (I3.16p . Lemma [2.31 ii). and (I2.25P 
with k — 0. Hence, we can change the order of integration by the Fubini theorem. Then we 
obtain that 



*2l(*)=* / U+(t-T)V^t(T)dT 



l % j U {t-r)V^i(T)dT , t>Q 
{ ° , t < 



(3.20) 
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since 



U+(t-T) = —(id t + 



2-ki 



(u + i) 



:1Zq{us + iO) duj 



by (I2.17p . Similarly, integrating the second term in the right hand side of (13.181) . we obtain 

, t > 



m 22 {t)=i / U (t-r)V^(r)dT 



U {t-r)V^i(T)dr , t<0 



Now (I3.17P follows since ^2(t) is the sum of two expressions (13.201) and (13. 2 1 p . 



(3.21) 



□ 



Further, let us consider o G (3/2, 13/2}. Applying Proposition 12. II to the integrand in (13. 17ft . 
we obtain that 



C2||*olk 



(1 + \t - r|) 3 / 2 - (1 + \t - r|) 3 / 2 - (1 + \t - r|) 3 / 2 (l + |r|) 3 / 2 
Therefore, integrating here in r, we obtain by (I3.17P that 



T- 



< " tGffi, a > 3/2 



;i + \t\) 3/2 

Step iv) Finally, let us rewrite the last term in (I3.15P as 



where J\f(u) := M(u + iO) - M(u - iO) for w 6 T, and 

M(u) := h (uj)vji (uj)vji(uj) = h (uj)\v(uj)'ji(uj), u e c \ [r u e] 

First, we obtain the asymptotics of Af(u) at the points ±m. 
Lemma 3.9. i) The following asymptotics hold 



(3.22) 



(3.23) 



(3.24) 



\\Af(u)\\ 



O(\oj =F m 



l/2^ 



Ul — >■ ±771, WGT 



(3.25) 



/or a > 3/2. 

TTie asymptotics (13. 25ft can fre differentiated twice: 
W'MWciT^) = 0(\co T m\- 3/2 ) 

for a > 5/2. 



—7- ±m, u G r 



(3.26) 



Proof. The lemma follows from the corresponding asymptotics (I2.23p . (I2.24p and (13. 5p . (13 .6p of 
the resolvents TZq and 7?. and their derivatives, and assumption (II ,4p on the potential V(x). □ 

Second, we obtain the asymptotics of Af(u) and its derivatives for large u. 
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Lemma 3.10. For k = 0, 1, 2 the asymptotics hold 

\\M {k \u)\\ c{ ^_ a) = 0(\ur 2 ), M^oc, ueT (3.27) 

with a > 1/2 + k. 

Proof. The asymptotics (I3.27P follow from the asymptotics (I2.25p . ( 13 .8p and (13.121) for 1Zq(oj) 7 
1Z^(cu) and W^ k \oj). For example, let us consider the case k = 2. Differentiating (I3.24p . we 
obtain 

m" = n'oWn + iioWn + HqWR" + 2R! wn + 2t^qWR! + 2n wn' (3.28) 

For a fixed a > 5/2, let us choose 5 G (5/2, min{a, /3 — 1/2}). Then for the first term in (13.281) 
we obtain by fl£B) and (13321) 

||^ , (a;)W(w)W(a;)/||^_ <F < < C|| WM^)/^, 

(3.29) 

= o(\un\\K(u)fy_ s = o(\com\fy s = odunuw^, m w e c \ r 

Other terms can be estimated similarly choosing an appropriate value of 5. Namely, 5 G 
(1/2, min{cx, (3 — 5/2}) for the second term, 5 G (5/2, min{cr, (3 — 1/2}) for the third, 5 G 
(3/2, min{cr, — 3/2}) for the forth and sixth terms, and a' G (3/2, min{cr, /3 — 1/2}) for the 
fifth term. □ 

Now we prove the desired decay of ^(t) from (13.231) using methods [13]. Let us consider 
the integral over (m, oo). The integral over (—00, —m) can be dealt in the same way. 

Let us split \?3(£) into the low and high energy components. We choose <f>i(w), 4>2{u) G 
C^°(R) where supp <pi C [m/2, b] with sufficiently large b > 0, and supp 02 C [6 — 1, 00), such 
that 0i(w) +0 2 (w) = 1 for w G [m, 00). Then (l3T2%|) implies that # 3 (t) = #31 (t) + * 32 (t), where 

6 00 

2m J Ztxi J 

m 6—1 

By Lemma 13.91 we can apply to the Fourier integral ^31 (t) the corresponding version of 
Lemma IB. II below with a — m, operator function F = <fri(u)J\f(uj), and the Banach space 
B = C(J- a ,J--a) with a > 5/2. Then we obtain that 

11*31 < flffljfi ' tGM ( 3 ' 3 °) 

Further, supp 2 A/" C [6 - l,oo), and ((j)%/\f)" G L x (6 - 1, 00; £(Jv, J 7 -^) with a > 5/2 by 
Lemma 13.101 Hence, two times partial integration implies that 

Cll^olk 



This completes the proof of Theorem 13.71 □ 
Corollary 3.11. The asymptotics 43 . 14] J imply lil.6\) with the projector 

V c :=l- V d , V d =J2 P J ( 3 - 31 ) 
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4 Application to the asymptotic completeness 

We apply the obtained results to prove the asymptotic completeness by standard Cook's argu- 
ment. 

Theorem 4.1. Let conditions ( fl.4)) and Ii3.1\) hold. Then 

i) For solution to ( tl.2j) with any initial function ^(0) G J-q, the following long time asymptotics 
hold, 

= J2 e- tuJjt y,j+U (t)$ ± +r ± (t) (4.1) 

where tyj are the corresponding eigenf unctions, $± G J"o are the scattering states, and 

||r±(*)||jb->0, t^ioc (4.2) 

m) Furthermore, 

\\r ± {t)\\ To = 0{\t\-^) (4.3) 

»/*(0) G mft <r G (5/2,/?]. 

Proof. Denote X& := VdJ^o, X c '■= V c J~o- For \&(0) G Xa the asymptotics ( 14. II) obviously hold 
with = and r±(t) = 0. Hence, it remains to prove for \l/(0) G X c the asymptotics 

tt(*)=ab(*)$ ± + r±(t) (4.4) 

with the remainder satisfying ( 14.21) . Moreover, it suffices to prove the asymptotics ( 14.41) . ( 14.31) 
for \l>o G Af c fl with cr > 5/2 since the space T a is dense in Fq, while the group Uo(t) is 
unitary in J-"q after a suitable modification of the norm. In this case Theorem 13.71 implies the 

decay 

||vI/(t)||^ CT <C(l + |t|)- 3 / 2 ||vI/(0)||^, t^±oo (4.5) 

We also can assume f3 > a. 

The function ty(t) satisfies the equation (I3.10p . 

Hence, the corresponding Duhamel equation reads 

t 

V(t)=Uo{t)V(0) + Juo{t-T)VV{T)dT, teR (4.6) 



Let us rewrite (14. 6p as 

V(t)=U (t)h(Q)+ [ W (-r)V^(r)rfrl - / U {t - r)V^(r)dr = U {t)<$>± + r±(t) (4.7) 



o t 
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It remains to prove that $± G J-q and (14. 3[) holds. Let us consider the sign "+" for the 
concreteness. The "unitarity" of Uo(t) in Fq, the condition (11. 4p and the decay (14. 5 p imply that 

oo oo oo 

J \\U (-t)V*(t)\\7 cIt < C j ||V*(r)|Udr<C 2 j ||*(r)||^_dr (4.8) 



oo 

< C 2 |(l + r)- 3 / 2 ||M/(0)|U CT rfr<oo 
o 

since |V(a;)| < C"(x)~' 3 < C"(xy a . Hence, $ + G J* Q . The estimate follows similarly. □ 

Remark 4.2. JTie asymptotic completeness is proved by another methods in J2IA \27\ \3J$ for 
more general Klein-Gordon equations with an external Maxwell field. 

ii) A version of Theorem 14.11 using standard LP spaces and Strichartz estimates, follows also 
from 136]. Notice that the hypotheses in J36jj can be relaxed to ( fl.4)) by the methods of J9jj- 



A Appendix: Decay of the free Schrodinger resolvent 

We revise the Agmon-Jensen-Kato decay of the resolvent pQ (A. 2')], [T3| (8.1)] for special case 
of free Schrodinger equation in arbitrary dimension n > 1. 

Proposition A.l. For k = 0, 1, 2, ... and o > 1/2 + k the asymptotics hold 

\\$%)\\xH.jr«) = 0(\<\~ 1= F i )> Kl^oo, CeC\[0,oo), seR (A.l) 
where I = —1, 0, 1, 2 for k = 0, and I = —1, 0, 1 for k = 1, 2, .. 

We give a complete proof of the asymptotics flA.lj) refining the arguments in the proof of 
Theorem A.l from [fl Appendix A]. Namely, we deduce Proposition IA.1I from the following 
two lemmas. The first lemma is well known (see [TJ Lemma A. 2], and fZE\ Lemma 4, p. 442]). 
Denote d* = 

J axj 

Lemma A. 2. For a > 1/2, the following inequality holds for ip G C :x:> (lR n ) 

||^||^<C(^)ll(A + C)^lko, (GC (A.2) 

Second lemma is a refinement, for special case of free Schrodinger equation, of Lemma A. 3 
from [1, Appendix A] which is proved for bounded \C,\. 

Lemma A. 3. For any 5 G R and ip G C^IR") the estimate holds 

n 

||^ll^<^)ICr^(ll(A + C)^lko + ^||^(x)|| H o), (GC, |C|>1, 1 = 0,1 (A.3) 
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Proof. We will prove (1A.3[) for 5 = 0, and the extension to all 5 G R follows by the arguments 
from [H pp 207-208]. For the proof we use the bound (cf. [TJ formula (A. 15')]) 

(i + ki z ) 2 < cicr (1 -°(|iei 2 - cf + iei 2 ), ^K n , ici>i, i = o,i (a.4) 

For / = 1 the bound is obvious. For I = it reduces to a quadratic inequality for y = |£| 2 — \ (\ > 
— \(\ since then 

2 2 Ifl 

^l 2 - C +K| 2 > le| 2 -KI +\d\ 2 = y 2 + y+\(\> ™n(y 2 + y) + \(\> l f, \(\>1 

v>-\C\ * 

Finally, let us multiply both sides of ( 1A.4I) by |V>(£)| 2 an d integrate over J3L n . Then using 
Parseval's formula, we find for |£| > 1 that 



|ot[<Z 



a./. II 2 



< 



+ leiTi^oi 2 ^ < Qicr (1 -°(ii(A + c^ii 2 + E ii^wii 2 ) (a.s) 

TO TJ. .7 — 1 



□ 



Proof of Proposition [A7T1 It suffices to verify the case s = since -Ro(C) commutes with the 
operators (V) s with arbitrary sGK. 

Step i) First, we prove (lA.lj) with k = and / = 0, 1 similarly to the proof of Theorem A.l in 
[TJ p. 208]. Applying Lemma [A. 31 with 5 = —a, we obtain 



< C(*)\c\-r (||(A + CMI^ + E 110^11*0 

for all ■?/> G if^(lR n ). On the other hand, Lemma [A. 21 implies that 



|C|>i, 1 = 0,1. 



(A.6) 



(A.7) 



Combining (I A . 6 1) and (1A.7|) . we obtain 

IhL ct < C(a)\C\-^ (||(A + C)^||ho ct + Ci(a)||(A + OVllflg) < C 2 (a)|C|-^||(A + C)V|| 



and then ( 1A.1I) with /c = and Z = 0, 1 is proved. 

Step ii) Second, we prove ([Oil in the case k = and / = — 1. We use the identity -Ro(C) = 
— (1 + Ai? (C))/C- The bound with / = 1 implies that ll-RoCOII/;^ ,^ 1 ) = hence 
l|Ai2o(C)IL(flg I flri) = °( 1 )- Therefore 

11^(011^^) = II (l + Aife(C))/Cllr(flg^; ) = 0(|C|- 1 ) 

S'tep Third, we prove (1A.1I) in the case /c = and / = 2. Using the identity (1 — A)i? (C) — 
1 + (1 + ()Ro((), we obtain 



[1 - A)Ro(()\\ c{H o iH o_j 



a + C)R (C)\\c { H0,H° 



l + O(\(\)\\M0\\c { H0,H0j = O(\(\^) 



(A.S) 
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Step iv) Finally, we consider the case k > 1. The asymptotics (lA.lj) wits k = 1 follows from 
the asymptotics (lA.lj) with k = and the Lavine-type identity [T3J (8.2)] 

C/? / (C) = -i?o(C) + i[^-V,i?o(C)], CeC\[0,oo) (A.9) 
(where [-, •] stands for the commutator) since 

xe£(H s a ,HU), VeCiH^H*- 1 ) 
For k > 2 the asymptotics (1A.1I) follow by induction from the recurrent relation [TBI (8.5)] 

2C4 fe) (C) = ~{2k - 3)Rt 1 \0 - \[x, [x, Rt 2 \0}} 
where the double commutator is defined as 



[x, [x, R}} = \x\ 2 R — 2 y^XjRxj + R\ 



x 



□ 



B Appendix: the Jensen-Kato lemma 

We prove a lemma concerning the decay of the Fourier integrals which we have used in (13.301) . 
The lemma is a special case of [T3| Lemma 10.2], and our proof is a streamlined version of the 
proof from [13]. Let B denote a Banach space with the norm || • ||, and b > a. 

Lemma B.l. Let F G C(a, b; B) satisfy 
F{a) = F{b) = 0, F" e L\5,b;B), V5 > 0, \\F"(u)\\ = 0(\u - a\~ 3/2 ), u -)• a (B.l) 
Then 

b 

e- ituJ F(u)du = C(r 3/2 ), t -)• oo (B.2) 

Proof. Extending F by F(u>) = for u < a and for u > b, we obtain a continuous function F 
on (—00,00) with F' E L 1 (— 00, 00; B). Using Zygmund's trick [2H formula (4.2) p. 45], we 
obtain 



oo 



J F\u)e- itul duj = ~\ j {FX" + j) ~ F'(u))e- itw du 



—00 —00 



Furthermore, the conditions (IB.ll) imply that 

00 a+n/t 00 

/ ||FV + y)-^V)ll^= I ...+ I ... 

-00 -00 a+7r/i 

a+2ir/t 00 w+7r/t oo 

<2 J \\F\u)\\du+ J dco J \\F"(u)\\du = 0(t- 1 / 2 ) + ^ J \\F"(u)\\du = 0(r 1/2 ) 

a a+n/t u> a+ir/t 



Hence, il follows. □ 
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